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ABSTRACT

Accurate simulation of nonequilibrium plasmas, essential in hypersonic reentry, fusion energy, and astrophysical flows, relies on state-
specific collisional–radiative (CR) kinetic models but often comes with prohibitive computational cost. While traditional approaches reduce
this burden through empirical or physics-based simplifications, they frequently compromise accuracy in strongly nonequilibrium regimes. To
address these limitations, we develop a Petrov–Galerkin reduced-order model (ROM) for CR argon plasma based on oblique projections that
optimally balance the covariance of full-order state trajectories with that of the system’s output sensitivities. This construction ensures that
the ROM captures both the dominant energetic modes and the directions most relevant to input–output behavior. After offline training in a
zero-dimensional setting using nonlinear forward and adjoint simulations, the ROM is coupled to a finite-volume solver and applied to one-
(1D) and two-dimensional (2D) ionizing shock-tube problems. The ROM achieves a 3� reduction in state dimension and more than one
order of magnitude savings in floating-point operations, while maintaining errors below 1% for macroscopic quantities. In both 1D and 2D,
it robustly reproduces complex unsteady plasma flow features, including periodic fluctuations, electron avalanches, triple points, and cellular
ionization patterns. This stands in contrast to standard ROM strategies, which become unstable or inaccurate under these challenging condi-
tions. These results demonstrate the potential of the proposed model reduction strategy to enable high-fidelity simulation of reactive plasma
flows at reduced computational cost, offering new capabilities for exploring high-speed fluid systems governed by coupled transport, wave
propagation, and kinetic nonequilibrium.

VC 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0306085

I. INTRODUCTION

Nonequilibrium plasmas play a crucial role in a wide range of sci-
entific and engineering applications, including electric propulsion,
plasma-assisted combustion, fusion energy, atmospheric reentry, and
astrophysical flows.1–11 In such regimes, the internal energy distribu-
tions of the constituent species, arising from electronic, vibrational,
and rotational excitations, can deviate significantly from equilibrium,
requiring detailed, state-specific collisional–radiative (CR) kinetic
models to faithfully capture the underlying physics.12–19 These models,
typically formulated as state-to-state (StS) master equations,20–29 track
the population dynamics of individual internal energy levels through
an extensive set of collisional and radiative processes. While offering
an unprecedented level of physical accuracy in representing the ther-
mochemical state of the plasma, the associated computational cost is
prohibitive, particularly in multidimensional simulations, due to the

large number of degrees of freedom (i.e., the molecules’ and atoms’
energy levels) and the extreme stiffness associated with the governing
equations.

Historically, a number of model reduction strategies have been
proposed to alleviate this cost. Multi-temperature (MT) models,3,30–37

for instance, simplify the problem by assuming thermal equilibrium
distributions within each energy mode, introducing additional temper-
atures to describe vibrational, rotational, and electronic state popula-
tions. While computationally attractive, MT models rely on crude,
semi-empirical assumptions and are known to break down in strongly
nonequilibrium regimes, such as those found in ionizing shock layers
or rapid relaxation zones.28,29,38 Additional macroscopic reduction
strategies have also been proposed, including approaches based on
global rate coefficients constructed from detailed StS kinetics.
Examples include the formulations of Colonna et al.,39,40 which
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demonstrate how vibrational nonequilibrium can be reduced to mac-
roscopic models through appropriately defined effective rates.
Alternatively, coarse-grained (CG) models18,41–44 provide a more effec-
tive solution compared to the traditional MT models by clustering
energy levels into bins and reconstructing level populations using
entropy-based closures. These approaches, while grounded in physical
principles, require careful tuning and may not capture complex fea-
tures of the internal state distribution function without significant
prior analysis and optimization.45–51

More recently, the emergence of data-driven model reduction
techniques has opened new avenues for compressing detailed
kinetic systems without relying on physics-based closure assump-
tions. A simplistic approach involves orthogonally projecting the
governing equations onto the span of proper orthogonal decom-
position (POD) modes derived from high-fidelity simulation
data.52–59 Bellemans et al.60,61 demonstrated the application of
such orthogonal projections to reduce the dimensionality of CR
models for argon plasmas, achieving good agreement with full-
order results in steady 1D shock-tube configurations. However,
POD constructs its basis purely from snapshot data, without
accounting for sensitivity information encoded in the governing
equations. As a result, the method often fails to capture dynami-
cally important directions, particularly in systems exhibiting tran-
sient growth and high sensitivity to low-energy disturbances (e.g.,
low-population states in the distribution function).62–65

Consequently, when deployed in predictive simulations, especially
under highly nonlinear, unsteady, or extrapolative conditions,
POD-based ROMs frequently suffer from instability, degraded
accuracy, and poor generalization.

To overcome the limitations of these approaches, Zanardi
et al.66,67 proposed a reduced-order modeling framework based on
Petrov–Galerkin projection, in which the full-order dynamics (i.e.,
the StS master equations) are obliquely projected onto a low-
dimensional linear subspace. This method builds upon the
“Covariance Balancing Reduction using Adjoint Snapshots”
(CoBRAS) framework,64 which constructs reduced subspaces by
balancing the covariance of the full-order state trajectory with that
of the system’s output sensitivities (i.e., gradients), similar to the
balance truncation technique and its variants.68–72 This balance is
defined in a statistical mean square sense, ensuring that the
reduced space captures both the dominant energetic modes and
the directions most influential to the system’s input–output behav-
ior. Therefore, CoBRAS introduces a physically grounded alterna-
tive to POD by generating oblique projection operators specifically
tailored to minimize output reconstruction error and preserve the
system’s most relevant dynamical features. Zanardi et al.66 demon-
strated that CoBRAS-based Petrov–Galerkin ROMs yield stable
and accurate reduced models even in highly stiff and nonlinear
kinetic systems. A key innovation in their framework is the use of
linearized forward and adjoint equations to efficiently approximate
the state and gradient covariances, enabling fast offline construc-
tion of the reduced basis while preserving fidelity.

In this work, we extend the CoBRAS-based reduced-order model-
ing framework, previously demonstrated only in zero-dimensional
(0D) settings, to simulate multidimensional, unsteady, CR plasma
flows, with a focus on ionizing shock dynamics. These flows are partic-
ularly demanding due to their strong nonlinearity, multiscale nature,

and tight coupling between thermochemistry and hydrodynamics,
conditions under which conventional ROMs often fail due to instabil-
ity or loss of accuracy. As a first step, we construct a CoBRAS-based
Petrov–Galerkin ROM for detailed CR argon kinetics by computing
projection spaces from nonlinear 0D forward and adjoint simulations
of the full-order system. Second, we integrate the resulting ROM into a
finite-volume flow solver and apply it to one- (1D) and two-
dimensional (2D) shock-tube configurations characterized by strongly
unsteady plasma behavior. Third, we systematically evaluate the per-
formance of the proposed ROM against both the full-order
model (FOM) and a standard POD-based ROM, demonstrating
substantial improvements in numerical stability, accuracy, and physi-
cal fidelity. The CoBRAS approach proves robust even in regimes
where traditional ROMs typically fail. This marks a significant step for-
ward in model reduction for reactive plasma flows, opening new ave-
nues for both fundamental investigation and applied analysis of high-
speed, nonequilibrium flows in aerospace, astrophysics, and energy
science.

The remainder of this paper is organized as follows: Secs.
II and III describe the physical modeling of CR argon plasma and the
numerical framework used to solve multidimensional plasma flows.
Section IV presents the reduced-order modeling methodology and its
integration with a finite-volume solver. Section V reports on numerical
results obtained in 0D, 1D, and 2D configurations, comparing
CoBRAS performance against FOM and POD baselines. Finally, Sec.
VI summarizes the key findings and outlines directions for future
work.

II. PHYSICAL MODELING

This section outlines the thermochemical and radiative modeling
framework adopted in the present study, along with the governing
equations describing the plasma flow. The formulation incorporates
detailed kinetics and energy exchange processes relevant to weakly ion-
ized argon. For a comprehensive description of the reaction rate coeffi-
cients, collisional–radiative source terms, and thermodynamic
closures, the reader is referred to the methodology presented by
Kapper and Cambier.14,15

A. Collisional–radiative model

To model the kinetics of weakly ionized argon plasmas, we
employ a detailed CR framework in which each electronic state is
treated as a distinct pseudo-species. This enables a non-Boltzmann
description of the atomic state distribution function (ASDF) and offers
improved fidelity over traditional MT models. The CR mechanism
used in this work was originally developed by Vlĉek12 and Bultel13 and
has been validated against experimental data from the UTIAS
(University of Toronto, Institute for Aerospace Studies) shock tube73

by Kapper and Cambier.14,15

The plasma composition includes free electrons (e�), neutral
argon (Ar), and singly ionized argon (Arþ), while higher-order ioniza-
tion states (e.g., Arþþ and Arþ2 ) are neglected due to their negligible
contributions under the conditions considered. The argon species are
resolved into their respective electronic states (31 for Ar and 2 for
Arþ) yielding a total of 34 pseudo-species.

The CR model accounts for five types of fundamental pro-
cesses:12–15
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• Excitation and ionization by electron impact:

ArðiÞ þ e��ArðjÞ þ e�; (1)

ArðiÞ þ e��Arþ þ e� þ e�: (2)

• Excitation and ionization by heavy-particle impact:

ArðiÞ þ Arð1Þ�Ar jð Þ þ Arð1Þ; (3)

ArðiÞ þ Arð1Þ�Arþ þ e� þ Arð1Þ: (4)

• Spontaneous emission/absorption (bound-bound):

ArðiÞ þ hvij �Ar jð Þ: (5)

• Photo-ionization/radiative recombination (free-bound and
bound-free):

ArðiÞ þ hvi �Arþ þ e�: (6)

• Bremsstrahlung radiation (free-free):

e� þ Arþ � e� þ Arþ þ hv: (7)

Here, indices i 2 1;…; 31f g and j > i refer to the electronic levels of
Ar; the two levels of Arþ are omitted for brevity, but their governing
equations follow the same formulation as for Ar. Heavy-particle
impact collisions between two excited argon states are neglected in the
present model, following the formulation of Kapper and Cambier.14

Under the shock-driven conditions considered here, excited states
remain several orders of magnitude less populated than the ground
state, making the corresponding heavy particle collision rates negligible
compared to ground state dominated processes. This assumption is
appropriate for strong ionizing shock flows but may not hold in other
plasma regimes. Radiative absorption is modeled using escape factors,
K, which range from 0 to 1, corresponding to optically thick and opti-
cally thin plasma. A value of K ¼ 0 indicates that all emitted photons
are reabsorbed locally, while K ¼ 1 implies complete photon escape
without reabsorption. In this work, the plasma is assumed to be opti-
cally thin for all radiative transitions, with the exception of high-
frequency bound-bound emissions to the ground state Ar(1), which
are treated as fully reabsorbed by the gas.14,15 Planck’s constant and
the radiation frequency are denoted by h and �, respectively.

B. Governing equations

The plasma is described using a single-fluid formulation, in which
all species share a common velocity field, and thermal nonequilibrium
is captured by distinguishing between electron and heavy-particle tem-
peratures, Te and Th, respectively. Charge neutrality is maintained by
the short Debye length and the absence of applied electric fields. The
assumption of strong collisional coupling justifies a single-fluid veloc-
ity. Viscous and diffusive transport effects are neglected. As a result,
the dynamics are governed by the two-temperature Euler equations,15

expressed in conservation form as

@U
@t

þ @Fa
@xa

¼ S (8)

for a 2 1; 2; 3f g, with x ¼ ½x1; x2; x3� ¼ ½x; y; z� being the Cartesian
coordinates and t denoting time. Einstein summation is implied over

repeated indices. The conservative variables U, inviscid fluxes Fa, and
source terms S are defined as

U ¼
qis
qub
qE

qee

2
6664

3
7775; (9)

Fa ¼
qisua

quaub þ pdab
qHua
qeeua

2
6664

3
7775; (10)

S ¼
xi

s

0

XR

XC
e þ XR

e � pe@ua=@xa

2
6664

3
7775; (11)

with b 2 1; 2; 3f g, s 2 S , i 2 I s, and

XR ¼ XR
bb þ XR

ff ; (12)

XC
e ¼ XC

el þ XC
in þ XC

ion; (13)

XR
e ¼ XR

bf þ XR
ff : (14)

Here,S ¼ e�;Ar;Arþf g denotes the set of chemical species, andI s

is the set of electronic states for species s. The symbols qis and pis repre-
sent the partial density and pressure of state i of species s, while q and
p denote the total plasma density and pressure. ua corresponds to the
a-component of the mass-averaged velocity with dab being the
Kronecker delta, whereas qE, qH, and qee denote the total energy,
total enthalpy, and electron internal energy densities, respectively.
Mass source terms are denoted by xi

s, while energy source terms
include radiative contributions from bound-bound (XR

bb), bound-free
(XR

bf ), and free-free (X
R
ff ) transitions, as well as collisional energy trans-

fer from elastic (XC
el), inelastic (X

C
in), and ionizing (X

C
ion) collisions. The

bound-free radiative term is omitted from the total energy conserva-
tion equation, as its contribution is negligible compared to the free-
free and especially the bound-bound terms.14 The non-conservative
term �pe@ua=@xa is related to the work of the self-consistent plasma
electric field, which acts against charge separation, whose expression
can be derived from the free-electron momentum equation when
neglecting inertial and diffusive terms.74

III. COMPUTATIONAL METHOD

The cell-centered finite volume discretization75 is employed, with
inviscid fluxes computed using the Van Leer flux-splitting scheme.76

To achieve second-order spatial accuracy, left and right states at cell
interfaces are reconstructed via the MUSCL approach,77 applied to
primitive variables (partial densities, velocity components, and temper-
atures) using van Albada’s slope limiter.78 To mitigate numerical insta-
bilities associated with strong shock fronts, particularly when using
reduced-order models, a reconstruction blending technique is imple-
mented. In this approach, the reconstructed state at each cell interface,
Uf , is defined as a weighted combination of the high-order (MUSCL)
reconstruction, UH

f , and the low-order (first-order upwind) recon-
struction,UL

f such that
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Uf ¼ ð1� gÞUH
f þ gUL

f ; (15)

where g is a shock-sensing function that transitions smoothly between
1 (upstream and within the shock) and 0 (downstream of the shock)
via a Gaussian smoothing profile. Shock locations are identified using
the detection algorithm described by Quirk.79

Time integration is performed using the operator-splitting tech-
nique proposed by Strang.80 This method integrates the transport
operator, T ðUÞ ¼ @Fa=@xa, and the reactive operator, RðUÞ ¼ S,
sequentially in a symmetric fashion:

@tU
ð1Þ ¼ T Uð1Þð Þ; Uð1Þ tnð Þ ¼ Un; (16)

@tU
ð2Þ ¼ R Uð2Þð Þ; Uð2Þ tnð Þ ¼ Uð1Þ tn þ Dt=2ð Þ; (17)

@tU
ð3Þ ¼ T Uð3Þð Þ; Uð3Þ tn þ Dt=2ð Þ ¼ Uð2Þ tn þ Dtð Þ; (18)

Unþ1 ¼ Uð3Þ tn þ Dtð Þ; (19)

where Dt is the time step. The splitting formulation is second-order
accurate, strongly stable, and symplectic for nonlinear equations. Its
convergence and stability properties have been extensively studied for
reacting flow simulations.81–84 The transport operator is advanced in
time using a four-stage, third-order strong-stability-preserving Runge–
Kutta (SSP-RK3) scheme,85 which allows a Courant–Friedrichs–Lewy
(CFL) number of up to 2. The reactive operator is integrated implicitly
via a second-order backward differentiation formula (BDF) solver pro-
vided by the “Livermore Solver for Ordinary Differential Equations”
(LSODE) library.86

IV. PROJECTION-BASED MODEL REDUCTION

The numerical solution of the nonlinear governing equations (8)
is often computationally expensive, due to the large number of
pseudo-species involved and the extremely fast time scales introduced
by the CR model, which impose severe restrictions on temporal inte-
gration schemes. These challenges are typical when solving thermo-
chemical StS models. To alleviate these issues, ROMs are employed to
decrease the number of pseudo-species integrated in time, resulting in
a reduction of computational cost compared to the FOM. In this work,
ROMs are constructed using Petrov–Galerkin projections, following
the procedure outlined by Zanardi et al.66

A. 0D state-space representation

To reduce the number of pseudo-species in the simulation, we
adopt a 0D reactor formulation of the governing equations (8),
neglecting transport terms and expressing the system in terms of prim-
itive variables, namely, species mass densities and temperatures.
Exploiting mass conservation, where dq=dt ¼ 0, the system can be
expressed compactly as

d
dt

qðtÞ ¼ fðqðtÞ; qÞ; qð0Þ ¼ q0 lð Þ; (20)

where the thermochemical state vector qðtÞ ¼ ½wi
s;Th;Te� 2 RN

includes the mass fractions wi
s associated with each electronic state

i 2 I s of species s 2 S , along with the heavy-particle and electron
temperatures, Th and Te. Here, N ¼ 2þP

s2S jI sj denotes the total
number of variables, accounting for the two temperatures and all inter-
nal states across all species, while jI sj represents the cardinality of the
set I s. The initial condition qð0Þ is prescribed by the function

q0 : R
N0 ! RN , which depends on a set of parameters l 2 RN0 that

macroscopically characterizes the reactor’s initial state (see Sec. IVB
for practical details).

In addition, we define an output vector yðtÞ as
yðtÞ ¼ CqðtÞ; (21)

where C is an output matrix, and yðtÞ collects physical quantities of
interest. Specifically, yðtÞ contains the moments of orders 0 throughm
of the ASDF for heavy species only. The output dimension is therefore,
dimðyÞ ¼ ðmþ 1ÞðjS j � 1Þ. The exclusion of electrons is justified by
the quasi-neutrality of the plasma: the zeroth-order moment of Arþ,
which is included in yðtÞ, directly corresponds to that of e�. The j-th
moment corresponding to species s is defined as66

ys;j ¼ Cqð Þs;j ¼
1
j!

X
i2I s

1
Ms

eis
� �j

wi
s; (22)

where Ms is the molar mass of species s, and eis denotes the energy of
state i (expressed in electron-volts, eV). In this work, temperature-
related outputs are not included, as the focus is solely on reducing the
number of pseudo-species.

B. Normalization

Model reduction techniques based on singular value decomposi-
tion (SVD), such as the one employed in this work, are inherently sen-
sitive to the relative magnitudes of the state variables. This sensitivity
arises from the impact of variable scaling on the sample covariance
matrix, which the algorithm seeks to diagonalize. In practice, the com-
ponents of the state vector may span several orders of magnitude,
making proper normalization a critical preprocessing step.55,87 To
address this, we apply a linear transformation of the form

qðtÞ ¼ D~qðtÞ þ �q; (23)

where D 2 RN�N is a diagonal matrix of scaling weights and �q 2 RN

is a centering vector. We adopt Pareto scaling, in which each variable
is centered by its sample mean and scaled by the square root of its
standard deviation, both computed from a representative ensemble of
0D trajectories by solving Eq. (20). Unlike standard normalization,
which enforces unit variance, Pareto scaling preserves the relative vari-
ance structure by assigning each variable a variance equal to its stan-
dard deviation.87 Substituting Eq. (23) into the governing equations
(20) and the output map (21), we obtain

d
dt

~qðtÞ ¼ D�1fðD~qðtÞ þ �q; qÞ; ~qð0Þ ¼ D�1q0 lð Þ � �q;

yðtÞ ¼ CD~qðtÞ þ C�q;
(24)

which defines the normalized system upon which the reduced-order
model is constructed. For notational convenience, we rewrite system
(24) in a more compact form as

d
dt

~qðtÞ ¼ ~f ð~qðtÞ; qÞ; ~qð0Þ ¼ ~q0 lð Þ;
yðtÞ ¼ ~C~qðtÞ þ �y ;

(25)

where the transformed terms ~f , ~q0, ~C, and �y are defined by matching
terms between Eqs. (24) and (25).
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C. Petrov–Galerkin model reduction

In (linear) Petrov–Galerkin model reduction, we replace the nor-
malized full state ~qðtÞ 2 RN by its projection onto a lower-
dimensional space, q̂ðtÞ ¼ P~qðtÞ 2 RN , where P 2 RN�N is a
rank-p projector operator (with p � N) whose range defines the
approximation subspace. Inserting this ansatz into (24), it is easy to see
that the dynamics of q̂ are governed by

d
dt

q̂ðtÞ ¼ P~f ðPq̂ðtÞ; qÞ; q̂ð0Þ ¼ P~q0 lð Þ;
ŷðtÞ ¼ ~CPq̂ðtÞ þ �y :

(26)

Although q̂ðtÞ remains N-dimensional, its dynamics evolve within the
p-dimensional range ofP. To make this explicit, we can factor the pro-
jector as P ¼ UðW>UÞ�1W>, where U;W 2 RN�p are the trial and
test basis matrices, respectively. Defining the reduced coordinate vector
ẑðtÞ ¼ W>q̂ðtÞ and left-multiplying the first equation in (26) by W>

yields the final p-dimensional Petrov–Galerkin ROM:

d
dt

ẑ tð Þ ¼ W>~f U W>Uð Þ�1
ẑ tð Þ; q

� �
; ẑ 0ð Þ ¼ W>~q0 lð Þ;

ŷðtÞ ¼ ~CU W>Uð Þ�1
ẑðtÞ þ �y :

(27)

The accuracy of the reduced-order model is determined entirely
by the choice of trial and test subspaces spanned by U and W,
respectively. In this work, these subspaces are constructed follow-
ing the methodology proposed by Zanardi et al.,66 which builds
upon the CoBRAS framework recently introduced by Otto et al.64

Throughout the paper, the reduced-order state ẑðtÞ 2 Rp is taken
to be ẑðtÞ ¼ ½ẑh;we;Th;Te�, where ẑh 2 Rr contains the latent
variables representing the normalized ASDF of the heavy-particle
species Ar and Arþ. The remaining three variables, electron mass
fraction we, heavy-particle temperature Th, and electron tempera-
ture Te, are neither reduced nor normalized, but are instead prop-
agated through the model via identity mapping. The electron
mass fraction is retained exactly because it corresponds to a
single-state species, and its evolution equation can be used to
enforce the quasi-neutrality condition of the plasma, i.e., dne=dt
¼ dnArþ=dt. The two temperatures are similarly excluded from
the reduction, following previous findings88 showing that apply-
ing model reduction solely to species mass fractions yields better
accuracy and stability.

D. Computing the optimal projector

We aim to approximate the full-order input–output map defined by

F : RN ! RdimðyÞ : ~qðt0; q; lÞ
7! yðt0; q; lÞ; yðt1; q; lÞ;…; yðtL�1; q; lÞð Þ; (28)

which maps an initial state qðt0; q; lÞ to a sequence of L output
observations along a trajectory of (24), using its Petrov–Galerkin
surrogate:

F̂ : RN ! RdimðyÞ : P~qðt0; q; lÞ
7! ŷðt0; q; lÞ; ŷðt1; q; lÞ;…; ŷðtL�1; q; lÞð Þ: (29)

Here, the state ~q is a function of the temporal variable t0 and of the
physical parameters q and l. Rather than directly minimizing the

mean square error E½Fð~qÞ � F̂ðP~qÞ�, we follow Zahm et al.,89 who
show this error is bounded by

trace Wg I �Pð ÞWs I �Pð Þ>
� �

; (30)

where Ws ¼: E½~q~q>� � XX> and Wg ¼: E½rFrF>� � YY> are
the state and gradient covariance matrices associated with the system,
respectively. The matrices X and Y correspond to numerical quadra-
ture factors defined in Eqs. (20) and (21) of Rowley’s work.71 Here,Ws

captures the variance of state snapshots, whileWg encodes the sensitiv-
ity of the output sequence to the initial state, with rF ¼ D~qFð~qÞ> 2
RN�LdimðyÞ and D~q denoting the differential (or Jacobian) operator
with respect to ~q. The optimal P of Eq. (30) may be written as
P ¼ UW>, where

U ¼ XVrR
�1=2
r ; W ¼ YUrR

�1=2
r ; (31)

and Ur , Rr and Vr are the first r singular triplets of Y>X. Rows corre-
sponding to the retained variables ðwe;Th;TeÞ are removed from both
X and Y prior to computing the singular value decomposition of Y>X.
This ensures that the resulting projection operator P is constructed
exclusively for the normalized ASDF associated with the heavy-particle
species Ar and Arþ (see Sec. IVC).

In contrast to the approach of Zanardi et al.,66 which relies on
linearizing the dynamics to approximate the covariance factors X
and Y, we obtain these directly from the full nonlinear system (24)
and its associated adjoint (see Proposition 1 in Zanardi et al.66) as
in the original CoBRAS formulation.64 Linearization was found to
inadequately capture the dominant subspaces for the CR model
considered in this work. Accordingly, for each sampled training
instance ðt0; q; lÞ, we (i) integrate the nonlinear forward model to
generate state snapshots for X and (ii) solve the corresponding
nonlinear adjoint to obtain gradient snapshots for Y. While this
approach preserves the system’s intrinsic nonlinearity, it signifi-
cantly increases computational cost due to repeated adjoint inte-
grations. To mitigate this, we adopt the subsampling strategy of
Otto et al.,64 selecting a uniformly sparse set of t0 values (approxi-
mately 10% of the total) along extended trajectories to estimate the
gradient covariance with far fewer adjoint integrations per
trajectory.

E. Multidimensional reduced governing equations

Once the zero-dimensional ROM is constructed, it can be embed-
ded in a multidimensional flow solver by projecting the full Euler spe-
cies-continuity equations onto the reduced basis. Recall that only the
heavy-particle species mass fractions are subject to dimensionality
reduction, while temperatures and the electron mass fraction are
retained via identity mapping. Therefore, we restrict our attention to
the species-continuity equations from the Euler system (8), which are
written as

@

@t
qw þ @

@xa
quaw ¼ xðw; hÞ; (32)

where x is the source term associated with species mass densities
and depends on the thermochemical state vector, expressed here as
the mass fraction vector w and the thermodynamic parameters
h ¼ ðq;Th;TeÞ. The parameters in h are obtained from the mass
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and energy conservation equations, which are solved concurrently
within (8).

Let Dw and �w denote the scaling matrix and centering vector
for w, computed as described in Sec. IV B, and let Uw and Ww

denote the optimal trial and test basis matrices for the normalized
species mass fractions, ~w , constructed following Sec. IVD.
Applying the normalization and projection procedures from Secs.
IV B and IVC to Eq. (32), we obtain the reduced species-continuity
equations:

@

@t
qẑ þ @

@xa
quaẑ ¼ W>

wD
�1
w x DwUwẑ þ �w ; hð Þ; (33)

where the reduced coordinate vector is given by ẑðtÞ ¼ ½ẑh;we�
2 Rrþ1. Equation (33) is then integrated in space and time together
with the unmodified momentum and energy equations to simulate the
full multidimensional plasma flow. Since the computation of thermo-
dynamic and chemical production terms S [see (11)] requires the com-
plete set of species mass fractions, we reconstruct ŵ from the reduced
variables ẑ after each time step.61

V. NUMERICAL RESULTS

In this section, we assess the performance of the proposed
CoBRAS-based model reduction strategy for CR argon plasma. Results
are compared against both the FOM and the conventional POD-
Galerkin approach.54,55,60,61 The ROMs are first constructed in a 0D
setting, as described in Sec. IV, and subsequently evaluated in 1D and
2D shock-tube simulations, following the configuration described by
Kapper and Cambier.15

The implementation used to build the 0D ROMs is available at
https://github.com/ivanZanardi/romar. All 1D and 2D simulations
were performed using HEGEL,90 a parallel, multi-block, structured solver
for plasma hydrodynamics, coupled with PLATO,91 a physico-chemical
library for computing thermodynamic properties and evaluating
source terms associated with nonequilibrium collisional and radiative
processes. The ROMs were integrated into PLATO and seamlessly cou-
pled with HEGEL to enable reduced-order simulations within the plasma
flow solver.

A. Physical model validation

We first validate the CR model using a steady, 1D inviscid flow
behind a normal shock. The analysis is conducted in the shock refer-
ence frame, where the shock front is modeled as a discontinuity located
at x ¼ 0, across which flow properties exhibit a sharp jump from their
freestream values. Given the upstream velocity, pressure, and tempera-
ture, post-shock conditions are computed using the Rankine–
Hugoniot jump relations, assuming frozen chemistry across the shock.
The electron temperature is also held constant through the discontinu-
ity, and any precursor ionization upstream of the shock is neglected.
Under these assumptions, the governing equations reduce to a steady,
1D form of the Euler equations (8), which results in a system of ordi-
nary differential equations. These are integrated using the LSODE
library86 within PLATO.91

Figure 1 presents a comparison between the simulated results
and experimental measurements from shock-tube tests conducted at
UTIAS.73 Specifically, we compare total mass density (left panel) and
electron number density (center panel) profiles under freestream con-
ditions of p1 ¼ 685:2 Pa, T1 ¼ 293:6 K, and Ma1 ¼ 15:9 (u1
¼ 5 074:2m/s). The close agreement with experimental data demon-
strates that the CR model accurately captures the steady-state relaxa-
tion behavior behind the shock. We also report representative argon
internal population distributions at three locations behind the shock
(right panel), together with the corresponding Boltzmann distributions
(black solid lines). This comparison highlights the degree of nonequi-
librium in the electronic populations and their relaxation toward equi-
librium throughout the post-shock region. It also supports the
modeling assumption discussed in Sec. IVA that heavy-particle impact
collisions between excited argon states can be neglected, since excited
state populations remain 6–7 orders of magnitude lower than the
ground state under the conditions considered.

The steady solution also enables calibration of the radiation
model against experimental data, supporting the assumption that tran-
sitions to the ground state are fully reabsorbed. Although unsteady
simulations can reproduce the experimentally observed shock-
structure fluctuations driven by kinetic-wave interactions,15 we focus
here on the steady case for model validation because it provides a
more controlled and well-characterized benchmark.

FIG. 1. Steady post-shock relaxation simulation. Comparison of the ionizing shock structure between experimental measurements (circle markers) and numerical solutions
(solid line) under the following equilibrium freestream conditions: p1 ¼ 685:2 Pa, T1 ¼ 293:6 K, and Ma1 ¼ 15:9 (u1 ¼ 5 074:2 m/s). The left and center panels show the
total mass density q and electron number density ne, respectively. The right panel presents representative argon ASDFs behind the shock at three different locations, together
with their corresponding Boltzmann distributions (black solid lines).
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B. Zero-dimensional simulations

To build our ROM and reduce the number of pseudo-species
solved, we follow the procedure described in Sec. IV, using the 0D for-
mulation of the governing equations. Training and testing trajectories
are generated by varying the total mass density q and the parameter vec-
tor l, which includes the initial heavy-particle and electron temperatures
(Th0 and Te0 ) and the initial species mass fractions ws0 . Specifically, we
impose a sudden temperature increase on the argon mixture confined
within an ideal, constant-volume reactor. In this setup, Th0 varies across
trajectories, while Te0 is fixed at 293.6K. The density q also varies
between trajectories but remains constant within each simulation, con-
sistent with the closed, fixed-volume nature of the reactor (i.e., no mass
exchange with the surroundings). At the beginning of each trajectory,
the initial chemical composition and the ASDF of Ar and Arþ are
assumed to be in thermochemical equilibrium, following a Boltzmann
distribution at 293.6K. Consequently, the explored parameters reduce
to q and l ¼ ½Th0 � 2 R1. This initialization is consistent with standard
CR modeling practice for ionizing shock conditions,14 where the
upstream gas is cold and essentially non-ionized and electron-impact
processes rapidly dominate excitation immediately after the shock is tra-
versed. Since our primary interest is predicting the time evolution of
macroscopic observables such as mass and energy, we define the output
vector y 2 R4 in (21) to include the zeroth- and first-order moments of
the ASDF for both Ar and Arþ.

The sampling bounds and distributions used to generate the
training dataset are summarized in Table I. Specifically, we generate a
uniform grid of 40 values for Th0 and 8 logarithmically spaced values
for q, yielding a total of 320 distinct training trajectories.

To assess the generalization performance of the ROM, we define
three testing datasets, summarized in Table II. The first dataset sam-
ples within the training domain and is used to evaluate interpolation
accuracy. The second and third datasets represent extrapolation sce-
narios: the second targets a high-temperature regime (Th0 > 50 000
K), corresponding to more extreme shock conditions, while the third
focuses on a low-temperature regime (Th0 < 20 000 K).

Table III compares the mean relative error of CoBRAS- and POD-
based ROMs across the test trajectories of the first dataset. This compar-
ison highlights the effectiveness of the proposed model reduction tech-
nique relative to a more conventional approach. Errors are reported for
key quantities of interest, including the mixture number density n, the
mass fraction vector w 2 R34 (averaged across all pseudo-species), spe-
cies zeroth- and first-order moments (molar fractions and internal ener-
gies, respectively), and the two temperatures, across different values of
the reduced dimension r. Here, r denotes the number of latent variables
required to represent the normalized ASDF of Ar and Arþ combined
(see Sec. IVC). Table III reports the lower error in bold for each quan-
tity, consistently showing that CoBRAS outperforms POD across all
reduced dimensions and target variables. In particular, CoBRAS yields
significantly more accurate predictions of the electron molar fraction xe
and, by quasi-neutrality, the Arþ molar fraction, which is critical for
capturing the plasma ionization level. Furthermore, the CoBRAS model
achieves high accuracy in reconstructing the mass fraction vector,
despite the fact that the ROM is trained only on macroscopic outputs
(chemical species total masses and internal energies). This demonstrates
the model’s ability to reconstruct fine-scale features from low-order
moment targets, while also reducing adjoint computations by limiting
the number of output quantities.

Additionally, the errors produced by the POD Galerkin ROM do
not decrease monotonically with increasing reduced dimension, as
illustrated by the electron molar fraction xe. While POD guarantees a
monotonic decay of the snapshot reconstruction error, this property
does not extend to the error of the projected dynamical system.
Because POD modes are selected to maximize snapshot variance
rather than sensitivity to specific outputs, increasing the reduced
dimension may improve the representation of high variance state com-
ponents while degrading low variance but dynamically sensitive direc-
tions that control ionization. As a result, the inclusion of additional
modes can lead to increased error in xe despite the higher nominal
model dimension.

TABLE I. Training dataset. Sampling bounds, distributions, and number of samples
for each initial parameter used to generate the training trajectories.

Th0 (K) q (kg/m3)

Minimum 20 000 0.005
Maximum 50 000 0.1
Distribution Uniform Log-uniform
Samples 40 8

TABLE II. Testing datasets. Each testing dataset is defined by the lower and upper
bounds of the sampled initial parameters: initial heavy-particle temperature (Th0 ) and
density (q), along with the number of samples and whether the dataset is used for
interpolation or extrapolation.

Dataset Th0 (K) q (kg/m3) Samples Type

1 ½2; 5� � 104 100 Interpolation
2 ½5; 7� � 104 ½0:005; 0:1� 50 Extrapolation
3 ½1; 2� � 104 50 Extrapolation

TABLE III. Testing error for dataset 1 of Table II. Mean relative errors (%) for
the quantities of interest, computed using CoBRAS and POD ROMs with varying
reduced dimensions r (total reduced state dimension d ¼ r þ 3, including the elec-
tron mass fraction and the two temperatures). Results are compared against the
FOM solutions. Bold values indicate the lower error between CoBRAS and POD for
each entry.

Testing error (%)—Dataset 1

CoBRAS POD

r 8 9 10 8 9 10

n 0.013 0.002 0.000 0.032 0.089 0.084
w 2.005 1.205 1.397 3.638 2.684 2.773
xe 0.239 0.037 0.009 0.827 2.385 2.098
xAr 0.021 0.003 0.000 0.101 0.092 0.088
xArþ 0.101 0.028 0.014 2.496 0.671 0.574
eAr 0.270 0.061 0.018 1.003 1.295 1.232
eArþ 0.010 0.003 0.003 0.178 0.037 0.028
Th 0.019 0.004 0.001 0.085 0.077 0.076
Te 0.129 0.056 0.047 0.241 0.119 0.108
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Similar error trends are observed in Tables S1 and S2 in the
supplementary material, which present results for the two extrapola-
tion datasets. While both ROMs exhibit increased errors in the low-
temperature regime, CoBRAS maintains competitive accuracy for
r � 9, even under extrapolative conditions. The performance degrada-
tion at lower temperatures likely stems from discrepancies between the
subspaces required to accurately capture low-temperature dynamics
and those spanned by the training data (see Table I). This is consistent
with the physics of the system: the reaction operators governing species
evolution are highly temperature-dependent, with rate constants gov-
erned by Arrhenius-type laws. Due to their exponential form,
expð�1=TÞ, these rates exhibit greater sensitivity at lower tempera-
tures, resulting in sharper gradients in the ASDFs and increased diffi-
culty for the reduced basis to generalize accurately.

Figure 2, together with Figs. S1 and S2 (supplementary material),
presents a side-by-side comparison of CoBRAS and POD ROMs pre-
dictions with reduced dimension r ¼ 8, against FOM results for three
test trajectories spanning mild (case 1) to harsh (case 3) conditions, as
summarized in Table IV.

In all figures, the top row shows the time evolution of the zeroth-
order moments (i.e., molar fractions) of e�, Ar, and Arþ, while the bot-
tom row displays the first-order moments (internal energies) of Ar and
Arþ, along with the evolution of heavy-particle and electron tempera-
tures. For the first two test cases, both ROMs show good agreement with
the FOM, as illustrated in Figs. S1 and S2, except for the Arþ internal
energy (eArþ ) evolution, where CoBRAS consistently outperforms POD.

In contrast, under the more demanding conditions of case 3 (Fig. 2),
CoBRAS shows superior performance across all quantities, corroborating
the error trends reported in Tables III, S1, and S2. Only the temperature
profiles appear in good agreement with the FOM for both ROMs. Small
deviations arise after the electron peak and within the thermal equilib-
rium region14 for the POD ROM, reflecting its reduced accuracy in pre-
dicting the evolution of internal energies. These discrepancies are subtle
in the plots but are clearly reflected in the quantitative error metrics.

It is also worth noting that, as previously reported by Zanardi
et al.,66 neither CoBRAS nor POD enforces positivity of the mass frac-
tions. In our simulations, this limitation led to small non-physical neg-
ative values at early times (t < 10�8 s).

1. Computational performance

In this section, we assess computational efficiency by comparing
the total floating-point operations (FLOPs) required by the FOM and

FIG. 2. FOM vs ROMs for 0D simulations: Test case 3. Time evolution of species zeroth-order moments (molar fractions), first-order moments (internal energies), and tempera-
tures, as predicted by the FOM and by CoBRAS and POD reduced-order models with dimension r ¼ 8. Results correspond to test case 3 described in Table IV.

TABLE IV. Test cases. Initial parameter values used to generate the three testing tra-
jectories for visual comparison between the ROMs and FOM solutions.

Case Th0 (K) q (kg/m3)

1 20 000 0.005
2 35 000 0.01
3 50 000 0.1

Physics of Plasmas ARTICLE pubs.aip.org/aip/pop

Phys. Plasmas 33, 013905 (2026); doi: 10.1063/5.0306085 33, 013905-8

VC Author(s) 2026

 21 February 2026 02:44:35

https://doi.org/10.60893/figshare.pop.c.8225812
https://doi.org/10.60893/figshare.pop.c.8225812
pubs.aip.org/aip/php


the CoBRAS-based ROM as the reduced dimension r varies. In addi-
tion, we report the arithmetic intensity for key numerical kernels,
defined as the ratio of FLOPs to memory access in bytes (FLOP/Byte),
following the formulation of Zanardi et al.66 While actual runtimes are
influenced by hardware-specific features such as memory bandwidth,
processor speed, and cache hierarchy, FLOP counts and arithmetic
intensity offer consistent, architecture-agnostic comparisons.

As shown in Table V, where d is the system dimension
(d ¼ r þ 3 for the ROM), the CoBRAS-based ROM yields significant
reductions in computational cost. In particular, the number of FLOPs
required for right-hand side (RHS) evaluations, which are dominated
by dense matrix–vector multiplications scaling as Oðd2Þ [see Eqs.
(52)–(55) in Kapper and Cambier14] is reduced by more than an order
of magnitude. In our current implementation, these savings are esti-
mated rather than fully realized, as we do not assemble reduced opera-
tors offline. Instead, the full-order state is reconstructed at each time
step to evaluate the RHS of the FOM, which is subsequently projected
to compute the evolution of the reduced coordinates. While this
approach avoids the need for precomputing and storing reduced oper-
ators, it limits the practical benefits of the theoretical FLOP reductions.
Nonetheless, in settings where reduced operators are assembled offline,
as demonstrated by Zanardi et al.,66 the estimates presented here
remain directly applicable. The cost of solving the linear system (LSS)
associated with the implicit BDF integrator, which scales as Oðd3Þ, is
similarly reduced by over a factor of 30. However, the actual efficiency
of both RHS and LSS operations is ultimately constrained by their

arithmetic intensity. In the ROM setting, these operations exhibit rela-
tively low FLOP/Byte ratios, suggesting that performance is likely to be
memory-bound rather than compute-bound. Consequently, the theo-
retical FLOP reductions may not translate linearly into runtime gains
due to limitations in memory access speed.

Two additional performance metrics are examined to assess
numerical stiffness and solver sensitivity. The first is the fastest time-
scale, approximated as the inverse of the smallest eigenvalue of the
Jacobian, s ¼ 1=jkminj. The second is the condition number j of the
matrix P defined in Eq. (A7) in the Appendix (with b0 ¼ 1, i.e., back-
ward Euler method) used in the linear solve of the BDF scheme. Both
metrics are computed as averaged values over 100 test trajectories with
fixed density q ¼ 10�2 kg/m3, while varying the initial heavy-particle
temperature Th0 (within the training regime). As illustrated in Fig. 3
(left panel), the CoBRAS-based ROM exhibits reduced stiffness, as
indicated by larger timescales, which enables bigger time steps during
integration and contributes to further computational savings.
Similarly, the right panel of Fig. 3 shows that the ROM achieves a
lower condition number, indicating improved numerical conditioning
and a more stable and efficient linear solve. Together, these results
highlight that CoBRAS not only reduces dimensional complexity but
also improves the numerical properties of the system.

We emphasize that the computational savings achieved by the
proposed ROM are not limited to the 0D configuration. In multidi-
mensional simulations, the reduced number of state variables trans-
lates directly into fewer scalar quantities to be transported, leading to
additional performance gains. Specifically, when using explicit time
integration for the transport operator, a linear speedup proportional to
the reduction in state dimension can be expected. For steady-state sim-
ulations employing implicit schemes, the computational advantage
becomes even more pronounced, potentially scaling cubically, due to
the reduced cost of solving smaller linear systems.

C. One-dimensional simulations

We evaluate the performance of CoBRAS in a canonical 1D shock-
tube configuration, where the coupling between transport and colli-
sional–radiative kinetics plays a critical role in determining the plasma
dynamics. This test case serves as a benchmark for assessing the ROM’s
ability to accurately capture the highly unsteady and nonlinear behavior

TABLE V. FOM vs CoBRAS for 0D simulations: Computational cost. The table
reports total FLOPs and FLOP/Byte ratios for key numerical operations, including
right-hand side (RHS) evaluation and linear system solve (LSS). Results are shown
for the FOM and three CoBRAS ROM configurations.

FLOPs FLOP/Byte

Model d RHS - Oðd2Þ LSS - Oðd3Þ RHS - Oð1Þ LSS - OðdÞ
FOM 36 2:556� 103 3:370� 104 0.234 3.079

CoBRAS
13 3:250� 102 1:803� 103 0.208 1.156
12 2:760� 102 1:440� 103 0.205 1.071
11 2:310� 102 1:129� 103 0.202 0.987

FIG. 3. FOM vs CoBRAS for 0D simula-
tions: Integration scheme parameters.
Comparison between the FOM and
CoBRAS ROM across different reduced
dimensions r, showing the smallest time-
scale (left panel) and condition number (right
panel) of the implicit integration scheme.
These quantities are computed using the
Jacobian of the respective system.
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of the flow. The numerical discretization and time integration schemes
are detailed in Sec. III, while the governing equations for the reduced
latent variables are derived in Sec. IVE. The ROM used here employs a
latent dimension of r ¼ 9, which, when combined with the retained
components (electron mass fraction and two temperatures), results in a
reduced state vector of size d ¼ r þ 3 ¼ 12. This represents a 3� reduc-
tion compared to the full thermochemical state vector of 36 variables.

The simulation setup follows the shock-reflection experiments of
Kapper and Cambier.15 In this configuration, a supersonic stream of
argon gas impinges upon an ideally reflecting wall, generating a strong
shock that propagates upstream against the inflow. The selected free-
stream conditions are p1 ¼ 685:2 Pa, T1 ¼ 293:6 K, u1 ¼ 4 535 m/s,

chosen to reproduce a Mach 15.9 shock in the laboratory frame, consis-
tent with UTIAS shock-tube measurements.73 Although the initial condi-
tions correspond to a stronger (Mach 19) shock, the reflected shock
rapidly weakens as thermal energy is converted into electronic excitation
and ionization, yielding the lower effective Mach number observed
experimentally. The computational domain spans x 2 ½0; 0:2� m, discre-
tized with a spatial resolution of Dx ¼ 10�4 m. Time integration is car-
ried out over t 2 ½0; 2:5� 10�4� s with a time step of Dt ¼ 5� 10�8 s.
Boundary conditions consist of a supersonic inflow on the left and a per-
fectly reflecting wall on the right.

Figure 4 presents space–time diagrams (space horizontal, time ver-
tical) for three key quantities: pressure p, heavy-particle temperature Th,

FIG. 4. FOM vs CoBRAS for 1D simula-
tions: Space–time diagrams. Comparison
of FOM and CoBRAS ROM (r ¼ 9) for
pressure p, heavy-particle temperature Th,
and electron molar fraction xe in space–
time diagrams (space horizontal, time ver-
tical) obtained from the 1D simulation.
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and electron molar fraction xe. For each variable, the left column shows
the FOM solution and the right column shows the CoBRAS prediction.
Both models capture the characteristic undamped, periodic fluctuations
observed experimentally in such flows.15 The shock front is visible as the
leftmost propagating feature, followed by the electron avalanche,
defined by the first peak in electron density. These structures travel
from the bottom-right to the top-left of each panel, with the induc-
tion region lying between them. The dominant physical feature of
this flow is the presence of periodic disturbances within the induc-
tion zone. The electron avalanche generates a pressure wave that
travels back to the shock. Upon interacting with the shock front, this

wave alters the local conditions, strengthening the shock and gener-
ating a new entropy wave that travels downstream. This entropy
wave accelerates excitation and ionization processes, triggering the
formation of a subsequent electron avalanche. The new avalanche,
in turn, emits another pressure wave, thus repeating the cycle of
fluctuations. These mechanisms were analyzed in detail by Kapper
and Cambier.15 The ROM accurately captures this cyclic behavior,
preserving both the phase and amplitude of the fluctuations and
faithfully reproducing the underlying physical processes.

A quantitative comparison is shown in Fig. 5, which reports the evo-
lution of space-averaged relative errors for a set of thermochemical

FIG. 5. Error evolution of ROMs in 1D sim-
ulations. Space-averaged relative errors
(%) for CoBRAS (left panel) and POD (right
panel) ROMs with r ¼ 9, computed for key
quantities of interest.

FIG. 6. Final-time comparison of FOM and CoBRAS for 1D simulations. Comparison of FOM and CoBRAS (r ¼ 9) at the final time t ¼ 2:5� 10�4 s for the 1D simulation pre-
sented in Fig. 4. Top row: species molar fractions of e�, Ar, and Arþ. Bottom row: heavy-particle temperature Th (blue), electron temperature Te (orange), density q, and pressure p.
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variables: the mixture number density n, the mass fraction vector w 2
R34 (averaged across all pseudo-species), zeroth- and first-ordermoments
of ASDFs, and the heavy-particle and electron temperatures. To ensure
the error metric reflects meaningful dynamics, points within the free-
stream region, where values remain constant, are excluded from the com-
putation, preventing artificial deflation of the error. The CoBRAS-based
ROM consistently maintains relative errors below 1% throughout the sim-
ulation, demonstrating excellent agreement with the FOM. In contrast, a
standard POD-based ROM exhibits instability, with errors growing rap-
idly after approximately t ¼ 0:1 ms. This highlights the robustness of the
CoBRAS projection framework in stiff, nonequilibrium kinetic regimes,
where conventional dimensionality reduction techniques may fail.

To further evaluate the ROM’s spatial accuracy, Fig. 6 compares
the final-time (t ¼ 2:5� 10�4 s) snapshots of macroscopic fields. The
top row shows molar fractions of e�, Ar, and Arþ, while the bottom
row displays heavy-particle temperature Th, electron temperature Te,
density q, and pressure p. The CoBRAS-based ROM closely matches
the FOM across all variables. In particular, the sharp transitions and
oscillatory features in the molar fractions and temperature fields are
accurately retained, confirming the ROM’s ability to resolve fine-scale
plasma dynamics without sacrificing stability or fidelity.

In addition to local field comparisons, we also track global quan-
tities that are relevant to experimental observables. Figure 7 shows the
evolution of the instantaneous shock Mach number and the induction
length, defined by the distance between the shock front and the first
peak electron density. Both quantities exhibit undamped, nonlinear
oscillations, consistent with prior observations. The oscillation period
is approximately 30.57ls for the FOM and 30.71ls for the ROM,
indicating strong agreement. The induction length undergoes discon-
tinuous shifts, further highlighting the nonlinear character of the sys-
tem. The CoBRAS model captures these behaviors with high fidelity,
further validating its predictive capability.

Additional test cases are provided in the supplementary material
for freestream velocities of u1 ¼ 4 000 m/s and u1 ¼ 5 000 m/s.
Figures S3 and S5, as well as Figs. S6 and S8, show the corresponding
space–time evolutions and final-time comparisons for the lower and
higher velocity cases, respectively. In both cases, CoBRAS continues to
match the FOM closely across all major variables. Moreover, Figs. S4
and S7 confirm that CoBRAS consistently outperforms POD in terms of
accuracy, reinforcing its effectiveness across a wide range of conditions.

D. Two-dimensional simulations

Building on the insights gained from the 1D simulations, particu-
larly the identification of oscillation mechanisms and the resulting
wave patterns, we extend our analysis to a more complex 2D shock-
reflection problem. In the 2D setting, disturbances are no longer con-
fined to the longitudinal direction, allowing for the development of
transverse instabilities and rich wave interactions. This presents a rig-
orous test for the CoBRAS-based ROM and its ability to capture multi-
dimensional plasma flow features.

The computational domain spans ðx; yÞ 2 ½0; 0:36� � ½0; 0:18� m
and is discretized using uniform grid spacing Dx ¼ Dy ¼ 3� 10�4 m.
Time integration proceeds over the interval t 2 ½0; 5� � 10�4 s with a
time step of Dt ¼ 10�7 s. As in the 1D case, a high-speed argon flow
impinges on a perfectly reflecting wall, initiating a strong shock
wave that propagates upstream. The freestream conditions are identical
to those used in Sec. VC: p1 ¼ 685:2 Pa, T1 ¼ 293:6 K, u1
¼ 4 535 m/s. To promote the growth of transverse instabilities and facili-
tate the emergence of multidimensional structures, we introduce a weak
Gaussian pressure perturbation near the right wall. The perturbation has
an amplitude three times the freestream pressure and density, a spatial
extent of 3� 10�3 m in the x-direction, and is centered at 40% of the
shock-tube height in the y-direction (see Fig. S9 in the supplementary
material). This perturbation accelerates the development of instabilities
while remaining weak enough to avoid overwhelming the flow physics.

Figure 8 illustrates the evolution of the electron molar fraction xe
at three representative times, ti ¼ ½1; 3; 5� � 10�4 s, comparing the
FOM (left) with CoBRAS (right). Initially disordered transverse waves
emerge from the perturbation. Over time, these waves self-organize
into a repeating structure consisting of incident and reflected shocks,
Mach stems, and triple points. These triple points form a regular cellu-
lar pattern in both the longitudinal and transverse directions, indicat-
ing a resonant wave interaction. The vorticity generated at these
intersections gives rise to ionization cells, which are highly structured
regions of increased temperature, electron density, and vorticity, resem-
bling detonation cells in chemical reactive flows. These localized peaks
radiate pressure waves outward, reinforcing the oscillatory motion and
maintaining the flow instability.15 The CoBRAS-based ROM accurately
captures these dynamics. It reproduces not only the global structure
and timing of wave interactions, but also the fine-scale features such as
vorticity generation and ionization cell formation. Additional field

FIG. 7. Comparison against average
experimental values for 1D simulations.
The FOM and CoBRAS ROM (r ¼ 9) are
compared against average experimental
values for the induction length (left panel)
and the shock Mach number (right panel).
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FIG. 8. FOM vs CoBRAS for 2D simulations: Electron molar fraction snapshots. Comparison of FOM and CoBRAS ROM (r ¼ 9) at three time instants: ti ¼ ½1; 3; 5� � 10�4 s
for the electron molar fraction, xe.

FIG. 9. Error evolution of ROMs in 2D sim-
ulations. Space-averaged relative errors
(%) for CoBRAS (left panel) and POD (right
panel) ROMs with r ¼ 9, computed for key
quantities of interest.
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comparisons are provided in the supplementary material for mass den-
sity q (Fig. S10), pressure p (Fig. S11), heavy-particle temperature Th

(Fig. S12), and electron temperature Te (Fig. S13), all of which show
excellent agreement between the FOM andCoBRAS.

As in the 1D case, a quantitative assessment is presented in Fig. 9,
which shows the space-averaged relative error for the same set of ther-
mochemical variables. The CoBRAS-based ROM achieves consistently
low errors throughout the simulation, with relative errors remaining
below 10% and falling below 1% for most quantities. In contrast, POD
becomes unstable, with rapidly growing errors beyond t ¼ 0:15 ms.
This comparison highlights the robustness and accuracy of the
CoBRAS framework in handling highly unsteady, nonlinear, and mul-
tidimensional plasma flows, regimes in which conventional projection-
based ROMs such as POD often fail due to the lack of physically con-
sistent basis selection.

VI. CONCLUSIONS

In this work, we developed and assessed a Petrov–Galerkin
reduced-order model (ROM) for collisional–radiative (CR) argon
plasma kinetics. The framework builds upon the recent work of
Zanardi et al.,66 who applied the “Covariance Balancing Reduction
using Adjoint Snapshots” (CoBRAS) method64 to detailed state-to-
state kinetics in thermochemical nonequilibrium. ROM construction
was performed in a zero-dimensional (0D) setting by computing a lin-
ear projection operator through the balancing of state and gradient
covariances associated with the full-order nonlinear system. The result-
ing ROM was then coupled with a finite-volume solver to simulate
multidimensional, unsteady, ionizing shock flows in both one- (1D)
and two-dimensional (2D) domains. We benchmarked the CoBRAS-
based ROM against full-order model (FOM) simulations and com-
pared its performance with standard proper orthogonal decomposition
(POD) methods across a wide range of conditions.

The 0D results demonstrated that CoBRAS delivers substantial
reductions in computational complexity, exceeding an order of magni-
tude in FLOP savings, while maintaining high accuracy. Relative errors
remained consistently below 1% for macroscopic quantities and
around 2% for the fine-scale atomic state distribution functions
(ASDFs). In the 1D simulations, the ROM accurately captured periodic
shock-induced oscillations and spatially localized features such as elec-
tron avalanches and induction zones, achieving a 3� reduction in state
dimension with space-averaged errors consistently below 1%. The
method remained robust in highly unsteady regimes where POD-
based ROMs exhibited instability and rapid error growth. In the more
challenging 2D simulations, CoBRAS maintained its accuracy, success-
fully reproducing complex multidimensional structures, including
shock–shock interactions, triple points, and ionization-driven cellular
patterns. These results confirm that the CoBRAS projection framework
enables efficient model reduction while preserving the essential physi-
cal mechanisms required for predictive, high-fidelity plasma
simulations.

While the proposed ROM framework already demonstrates sub-
stantial gains in efficiency and accuracy, several avenues for improve-
ment remain. One limitation is the lack of a built-in positivity
constraint on the ASDF, which can result in small, nonphysical nega-
tive populations during early transients (t < 10�8 s), as previously
observed by Zanardi et al.66 Future developments could incorporate
positivity-preserving projection techniques or constrained optimiza-
tion formulations to enhance robustness and physical consistency.

Moreover, integrating the ROM into uncertainty quantification pipe-
lines and Bayesian inference frameworks would enable efficient
exploration of large parametric spaces, especially in extrapolative
regimes.

More broadly, this work contributes to the growing need for
physically grounded, numerically stable reduced-order models capable
of capturing multiscale, nonlinear interactions in reactive, radiating
flows. Such flows arise in a wide range of fluid mechanics contexts,
from plasma–shock interactions in hypersonic boundary layers to radi-
ative magnetohydrodynamics in astrophysical jets, where high-fidelity
full-order models remain prohibitively expensive. The proposed meth-
odology offers a systematic approach to accelerating these simulations
without sacrificing physical fidelity, enabling new opportunities in
both fundamental fluid dynamics research and high-impact engineer-
ing applications.

SUPPLEMENTARY MATERIAL

See the supplementary material for additional results for zero-,
one-, and two-dimensional simulations.
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DATA AVAILABILITY

Code to reproduce the zero-dimensional results presented in this
publication is available at https://github.com/ivanZanardi/romar. Code
and data for the one- and two-dimensional simulations are available
upon reasonable request.

APPENDIX: CONDITION NUMBER OF THE BDF SCHEME

We consider a general system of ordinary differential equations
(ODEs) of the form:

d
dt

qðtÞ ¼ fðt; qðtÞÞ; qð0Þ ¼ q0; (A1)

where qðtÞ 2 RN is the state vector and f : R�RN ! RN is a
smooth nonlinear function defining the system dynamics. To
numerically solve Eq. (A1), we employ linear multistep methods.86

At time step n, the general k-step formulation is given by

qn ¼
Xk1
j¼1

ajqn�j þ hn
Xk2
j¼0

bjf tn�j; qn�j
� �

; (A2)

where hn is the time step size at iteration n, and aj, bj are method-
specific coefficients. Choosing k1 ¼ p and k2 ¼ 0 yields the p-th order
backward differentiation formula (BDF), which takes the form:

qn ¼
Xp

j¼1

ajqn�j þ hnb0f tn; qnð Þ: (A3)

This is an implicit method, requiring the solution of a nonlinear sys-
tem at each time step. We solve this system using the Newton–
Raphson (NR) iteration. At iteration m of time step n, the NR
update solves the linear system:

P q mþ1½ �
n � q m½ �

n

� �
¼ �r q m½ �

n

� �

¼
Xp

j¼1

ajqn�j þ hnb0f q m½ �
n

� �
� q m½ �

n ; (A4)

where q½m�
n is the m-th NR iterate, and rðq½m�

n Þ is the residual of the
BDF equation evaluated at q½m�

n . The Jacobian matrix P of the resid-
ual with respect to q is given by

P ¼ @r
@q

¼ I� hnb0J; (A5)

where I is the identity matrix, and J ¼ @f=@q is the Jacobian of the
system dynamics with respect to the state vector. The condition
number of the matrix P is defined as

jðPÞ ¼ jkmaxj
jkminj ; (A6)

where kmax and kmin denote the eigenvalues of P with the largest
and smallest magnitudes, respectively. Since the time step hn varies
over the course of the integration and only approximate condition
number estimates are needed, it is convenient to define a continu-
ous, time-dependent version of P as

Pðt; qÞ ¼ I� tb0Jðt; qÞ; (A7)

which mirrors the structure of Eq. (A5) by interpreting t as a char-
acteristic time scale of the integration step.
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